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Goddard Space Flight Center

SUMMARY

The stability of the orbit of a celestial body depends predominantly upon the long
period perturbations in its elements. The long period effects produced by the sun
and the moon can prolong or shorten the lifetime ofa satellite considerably. In every
attempt to solve the problem of stability of the asteroidal ring the long period effects
must be taken into account. Unfortunately, no convenient expansion of the disturbing
function exists for large values of the eccentricity, large values of the inclinations,
or large values of the ratio of the semimajor axes of the disturbed and disturbing
body. Thus numerical integration must be used.

Inthe problem of determining orbital stability the disturbing function cannot be
used in its standard form, because it contains the combined effects of the long and
short period terms. If the short period terms are not removed, then the integration
step will be too short, and the accumulation of the errors from rounding off will be
too great over a long time interval. Thus, before integration all short period effects
were removed from the disturbing function by a numerical process which avoids the
development into series. Inaprevious article by the author the suggestion was made
to use Halphen's method to compute the effects caused by the secular terms.

However, the author feels that the results of computation cannot be considered
complete if they do not include the near resonance effects. As a result, Halphen's
method is extended by inclusion of the near resonance effects caused by the com-
mensurability of the mean motions of the distrubed and disturbing bodies. Liouville's
method reduces the problem to a single harmonic analysis. The introduction of a
nonsingular set of elements permits the extension of the method to the case of near
circular orbits and to the case of low inclinations of the orbital planes.
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INTRODUCTION

The problem of determining the long period effects in the motions of celestial bodies is a
central problem in the determination of orbital stability over a long time interval. Two types of
long period perturbations are of primary importance in treating the problem of stability:

1. The effects produced by the secular terms in the disturbing function. The arguments of
the secular terms contain neither the mean anomaly of the disturbing body nor the mean
anomaly of the disturbed body.

2. The effects produced by the commensurability of mean motions. If the ratio of the mean
motions of the disturbed and the disturbing bodies can be approximated by a rational
number, then a small divisor will appear when the integration is performed analytically.
The terms producing such small divisors are named "the critical terms."”

The long period effects as well as their interactions can be determined analytically, but only
under the restrictions that the eccentricities or inclinations are small and that only one critical
term is present.

The secular effects have been treated numerically with Halphen-Goriachev theory (References
1-4). The only restriction imposed on the elements by this method is that a very close approach
between the disturbed and the disturbing bodies cannot be considered. The secular effects of the
first and second order were computed by means of numerical integration over an interval of
10-20 years for artificial satellites, and over an interval of many thousands of years for minor
planets. Several unexpected features and large variations of the elements affecting their stability
have been discovered (References 4 and 5).

However, the scheme previously used becomes incomplete if there are critical terms in the
development of the disturbing function. The effects produced by the critical terms in the ele-
ments might become comparable with those produced by the secular terms, and in addition, the
problem of the mutual influence of terms of both types arises.



COMPUTATION OF THE SYSTEM OF FORMULAS
FOR SECULAR AND RESONANCE EFFECTS

The system of formulas given in this article is based on the application of the method of
Liouville (Reference 6) and on Halphen's method. It takes into account the secular as well as the
critical effects. The equations for variations of the elements are also given in the form which
includes the cases of small eccentricity and small inclination. Let F(u, u’) be a function of the

form
+ +00
F(u,u') = E E [Aj_j,cos(jz—j'z')+Bj,j:sin(jz—j'Z')], (1)
ji=0  j=-o
where
Il = u- esinu
' = u' - e'sinu’

where i and i’ are relative primes, then the critical arguments have the form
k(il-i'l") .

By using the Liouville substitution (Reference 6),

Equation 1 can be written in the form:

+© + 0
: E E I . N
F(u,u ) = {Aj,j’ cos [(31 ~j'i)yo’ + o 9] + Bj_j/ sin [(31 -j'i)o’ + I 19:,} @)
j=0 j'=-o

The angle o’ is not contained in the argument if




or, consequently, if

i = pi,
.t .« (3)
iv = opi
wherep = 0,1, 2, -+ - . Let us designate the combination of all terms in F(u, u’) which do not
contain o' by w(8):
+ @
ey = Z (Api,pi' cosp&+ B, oy sinp@) .
p=0
By taking Equation 3 into account, it may be deduced from Equation 2 that
1 277
¥y = 7 J. F(u, u') do'’
0
+oo
= Z (Api,pi: Cosp9+Bpi,pi’ sinp@) : 4)
p=0
Putting 6 = 0, 7, 7/2, 3n/2, 7/4, in Equation 4 yields:
(0) = Aot Aj ot Ayt Ay bt
V() = Ao — Ap it Ay T Ayt
kil -
‘P<—2—) - Ao,o + B, - A2i,2i' “ Byt o
3
\P(?) T Ago T By T Ap gt Byt
AR Y2
‘P(T) = Aot <Ai, i F Bi,i') * Byigyt t 0
It is rarely necessary to go beyond the critical term with the argument 2i7 ~-2i‘1’ . Thus, the
coefficients A,, .+, By, ;;+, etc. can be neglected and a set of simple formulas results:
A, ¥(0) ;‘I’(W) , (5)
7 377
¥ - 95
B,y = <‘2) 2 (2) J 6)



| W0) - lP(%—) + W) - ‘1’(53275\)r (7)

Ay 2i' 7 4 ’

Bya’ = \P(%) - ﬁ4+ : [‘P(O) + ‘P(g')} + ﬁ4_ 1 [‘P(”) +lp(§271):| ) (8)

In the case of a large or moderate eccentricity set

u = 1’¢ ’
then
I = u' - e'sinu’
. i 6
= 1¢‘i—?sini' -5 9)

and Equation 4 takes a form more convenient for numerical computations:

27T
¥y = Q%J F(u, u') 5 dé . (10)
0

This last integral is computed as a simple arithmetical mean of the integrands of equidistant
values of the angle ¢. Now a collection of formulas can be established for the actual computation
of the effect of resonance in the elements on the basis of the Liouville equations (Equations 5-8).

Setting
+1 0 0 ]
Al(a) = 0 + cosa - sina s
0 +sina t cos a|
+ cosa ~sina 0]
Aj(a) = |+sina +cosa 0 ,
0 0 +1]

we can deduce the Gibbs vectorial elements P, Q, R andP’, Q’, R’ by means of the formulas:

[P, Q,R] = Aj(e) * Ay(a) + Aj(i) * Ay(w) ,

(', Q', R'] Aj(e) * Ay(a') + A(i") * Aj(@) .

In the case of an artificial satellite the elements » and « are referred to the equator and

P, QBRI = Ay(a) - A(i) * Ay(w) .



The coordinates of the disturbed body are
x = aP_(cosu-e) + ayl-e? Q sinu , W

aP, (cosu-e) + ayl-e? Q sinu , > (11)

«
1

aP, (cosu-e) + ayl-e? Q sinu ,

J
/
and the coordinates of the disturbing body are
. 3
x' = a'P'(cosu’'-e’') + a'yl-e’2Q/ sinu’ ,
y' = a'P)(cosu’'-e') + a’ 1-e'2Q) sinu’ , & (12)
2/ = a'P’'(cosu’-e’) +ta'Yl-e'? Q' sinu’ | J
The square of the mutual distance is
p? = r2 +r'2-2r -1’ . (13)
Let the critical argument be
6 = il - i'l" .
Set
u = i'eg,
' ‘ . ’ — . .i i_e . .t
u’ - e’ sinu = ip-T{7 - G sini'¢ .

The radial component S, the orthogonal component T, and the normal component W of the dis-
turbing force can be considered functions of the angle ¢ and the critical argument 6. Thus

B - Y
rS = km pE 7—3- r-°r km ;3— = S(¢, 6) , (14)
_ 2 1 —
rT = km (;3- - r—,3‘> (R-rxr') = rT(¢,0) , (15)
W = km' <p—13 - r—33>n - = W, 0) . (16)



From the following standard equations for variations of the elements
dn 3k ae sin f a?
— = =2 e _ — a2
dt 2 <S 1—82+T e ]/1 e> s
de _ na(l—ez) <S ae sin f a? 0 2> na 1-e?
—_— - e

+ T+ - ke —Tr,
]/l-ez

drr na}/l—e2

1 i da
at - T[‘S“““Ta <1+1—e2 é) Sinf]”smz%ﬁ '
dL 2 d in2 = d8
o= - “ka’s+(1— 1—e2>d—7; +241-e? sin? 5 g
ds nar
sini g = ———= Wsin(f+w) ,
dt k1= e?
di
a—i = ————n-al—Wcos(f’rw) )
k Y1~ e?

the short period and the secular terms may be eliminated by using the process described above,
and the transformed equations will contain only the effect of the critical terms. By designating

Ao = K By = X, Ayt ~ Ky Byiai! T K
the derivative of an element E becomes
dE i K 8 K, sin 20
at = K cos6é +K,sinf + K; cos 20 + K, sin20 . (17)
Let us introduce the following notations:
f(é, 0) - (o, 7
(¢, 0) . f(, ™) £,(8) .
il 3
le.3) - e )
2 = £ () .
la 3m
(s, 0y - £(6.F) + £ m) - £s, F)
4 - = f3(¢) s

t(e ) - el [0, 00 + e, %) + " l[f@, mrtle F) - @ -

These values of the coefficients K; (j = 1, 2, 3, 4) are deduced:

in dn/dt

" (18)

3k
K’.(") = -5 J‘ <Sjesinu+Tj 1~e2) do ;



in de/dt

vQTI:ZEBsz

Kj(e) D
0

1
l:}ll—'ez Sj sinu-l-Tj (—%—e+2t:osu- 73 ecosZu)] de ;

(19)

in dn/dt

1

27
() a(1-e2) r_1 ]/ 2 i in? L g@
K,- e —-Sj (cosu"e)+T,- 1+ 1T 1-e? sinu|d¢ + 2sin ZKj ;(20)

0

in dL/dt
27
e? JL. i 2va 2
K].(L) = T = K™ +y1-e? K 2sin? 5 - S 5, Y] d¢ ; (21)
1+ y1-e? o
in de/dt
1 2
a r
K@ = 5oy ]/ 1=z J; L [(cos u-e)sinwt Y1 -e? sinucosw] dé ; (22)
in di/dt

2
. 1
K& = 5 ]/T—a—ei’ J; W, —a& [(cosu—e)cosw— yl-e? sinusina):, dg . 23)

It is interesting to note that Equations 18-23 are similar in form to the equations for the computa-
tion of secular effecis. The cases of small inclination and small eccentricity deserve special
attention. Equations 20 and 22 contain a "small divisor" if i or e is very small. Instead of the
standard orbital elements, a nonsingular set of elements can be introduced. The set of elements

o
1
-
m
o]
Nl =

(24)

£ = ecosy ,
(25)

m = esiny ,



determines the position of the osculating ellipse without the introduction of a singularity fori = ¢
or e = 0. The use of Equations 25 for the computation of perturbations was suggested by the author
in his article on Stromgren's perturbations (Reference 7). In fact, p, q, and s are the components

of Gibbs' rotation vector (Reference 8).

it is deduced that

From the equations

sinig% = a(;w ) sin (f +w) ,
~e
di W
—_— = f+ ,
dat a(l-e) cos (f +w)
do  _ . da
dt - cosigg .
dp w
7 = ———— |(1+p2) X+ (pa-s)Y|,
dt 2/a (1= o) |:( p?) Pq-s) ]
dg w
Tl — X+ 11 2) Y|,
ey ox e (26)
ds _ w _
dt - —Az a(1—e2)f [(ps q)X+(qs+P)Y]-

It can be seen that no small divisor is present, even if the inclination is small. X and Yare the
coordinates of the disturbing body in an ideal system of coordinates with the Xx- and y-axes in the

orbital plane. They can be written in the form:

where A\ is the eccentric orbital longitude,

Also (Reference 9)

IR

rcos (f+y)
1ri-e? g2-m2 1 &n -
a 2 + 7 cos A+ ———— sinA - ¢ ,
L\ 1+yi-e? 1+y1-e? i (27)
rsin(f+y)
a Lrvie -52_7}2 1 sin>\+fi’qcos>\—7]
2 2 e 1+yi-e? (28)
A= u tx - (29)
. r r
a(l—ez) [Ss:.n(f+x)+T(1+—a- 1—e2> cos (f+y)+ g7 -2 T§:’ , (30)




dn _ r 1 . r 1
ac = }/a_(l—e2) |:'SC°5(f+X)+T<1+§1_62> S"n(f+X)+Zl_

e2

We write the critical argument in the form:
a = iL1 - i1,

Then the Liouville substitution becomes

a
' = ioc! - —
1
Considering the disturbing force as a function of +’ and a, set

1,0y - f(o,
D G SN

-l

(31)

From Equations 26, 30, and 31 the following expressions are deduced for the coefficients of the

critical terms:

K. ®)

277
1
. = - W ({(1+p2) X+(pg-s)Y|do' ,
’ 477Va(1*ez)v[> 1[( P) ]

1

2m
1
K@ = — - W, +s)X+ (1+q?) Y| do” ,
! 4 Ya (1 “‘e2) Jo ! [(pq *) ( 4 ) :]

2w
1
K. (o) J W, ~q)X+(as+p) Y] &’ ,
! 471ya(1“e2) 0 J[(PS ? (aste ]

_ 1 ]/1~-e2
Kj(f) = P

_ 1 lll—e2
I(j(n) = P

Y

¥l

_.S r 1 Y+L2 ;I_T
iX+T) 1+5 1-e2 a? 1-e2 jg

“0

(33)

(34)

(35)

(36)

The expression for the position vector of the disturbed body to be used in the computations of the

integrands is:

e
r 1+p2+q2+s2 g

(87)



where the elements v, (iis the row index and j is the column index) of the matrix I’ are deter-

mined from the formulas (Reference 10):

yu = tpt-q¥-s?+ 1, vy, = +2stpq), Y31 - T 2sp-a)
712 = - 2(5 "Pq) s Y a2 = - p2 + q2 ~s?2+1 s 732 =+ 2(p+ Sq) ’ (38)
-713 = + 2(q+pS) ’ '}’23 = - 2(P'SQ) » ')/33 = - P2 - q2 + 32 - 1 .

Xand Y are given by Equations 27-29. Kepler's equation is replaced by

A - £sink + neosh = L, (39)
in a way similar to Herget's method of writing Kepler's equation for small eccentricities (Refer-
ence 11). Similar systems of equations can be established for numerical integration of the secu-
lar effects for the case of a small eccentricity or a small inclination.

The effects of the secular and critical terms must be integrated together. Again Halphen's
method may be used for the computations of the secular effects. A complete collection of formulas
is given in the author's previous article (Reference 3). However, if i or e, or both, are small,
the system requires some modification.

For the values, say, » = 0° 10° ---, 350° compute:
X P’ P/ P/ X
_ 1 ' ’ ! - . Y .
y - 1+ p2 + qi: + 52- Qx Qy Qz (40)
Z Rxl Ryl Rzl 0

Xand Yare defined by Equations 27 and 28. Kepler's equation is taken in the form of Equation 39.

Then, as in the previous article, put

a = x" +e'a,
B =1y,
Y = oz

Equations 4-9 of Reference 3 remain unchanged, but Equation 10, p. 121, for the variations of the

elements must be replaced by:

277
S, (Y€ = Xn)
dn 3k 1 0
dat - T a on l}‘”—ﬁ +T0'yl-e2 dn |, (41)

10



2
d& 1-e2 1 r 1 r\2 a
$ - YETE | fen (F ) o) e o)

27
dn _ 1-e2 1 ro 1 r\?2 a
at - a2 L [‘ SoX* To (“E 1—ez>Y+(5) 1-e? Ton]d*’ (#3)
dp _ 1 1 il r 2 4
ar ° % W, = [(1+p)x+(pq—s)\’]d>\ y (44)
2 a(l—ez) 0
d 1 O
Tt T —— % J Wy 3 [(pat )X+ (1+a2) Yar (45)
Z}Ia(l- 2) 0
d 1 1 i
ds . — L J Wo z [(ps-a)X+ (as+p)¥]ar , (46)
2 a(l—'ez) 0
27 dn d&
T 21 J Z) s PRI @1)
T T A a/ "o oz
. 1+yl-e

CONCLUSIONS

The com\b’med effects of the secular and critical terms have a deciding influence in determin-
ing the orbital stability over a long time interval. Some approximate schemes based on the proc-
ess of averaging lead to conclusions concerning the stability of the ring of minor planets which
definitely require a further check. The proposed scheme will at least give a more accurate
answer over an interval of some thousands of years. Our knowledge about the stability of the
orbits of artificial satellites is still incomplete. The described method will be programmed in
order to investigate these problems. The application of the method of secular effects leads to
some conclusions which were not anticipated. It remains to be seen what interesting conclusions
will follow from the superposition of all long period terms and from the computations of their
direct actions, as well as their interactions, in the problems of orbital stability of the minor
planets and artificial satellites.

(Manuscript received August 9, 1963)
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